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Inverse Sensitivity Method for Asymmetric Multivariable
Nondefective Systems

L.F Chen,*H. W. Song," and W. L. Wang*
Fudan University, 200433 Shanghai, People’s Republic of China

An available parametric correction method for asymmetric multivariable nondefective systems is investigated.
It will be proved that the eigensolutions associated with the repeated eigenvalues are not differentiable, although
their partial derivatives exist. A calculable generalized Jacobian matrix is presented based on the first-order Taylor
expansion of the repeated root eigenpairs as the case of symmetric systems, which ensures the feasibility of the
inverse sensitivity method for parametric correction. The first-order directional derivatives of the repeated root
eigenpairs are also found. Two numerical asymmetric examples are given to verify the validity of the method by

use of simulated data.

Nomenclature

h-order coefficient matrix

ith natural base vector of n-dimensional
parametric space

multiplicity of the eigenvalue

h-order identity matrix

generalized Jacobian matrix

structural real stiffness matrix

structural real positive definite mass matrix
projection matrix

= vector of structural physical parameters

of dimension n

arbitrary M-biorthogonalizedeigenvector subset
with respect to h-fold eigenvalue

= complementary subset with respect to X,

= M-biorthogonalized eigenvector subset with
respect to h-fold eigenvalue whose partial
derivatives and directional derivatives along a
certain direction exist; so-called derivable
eigenvector subset

test mode matrix of experimental model
transform matrix from X, to Z,

transform matrix from Z, (1) to Z, (e;)
frequency shift stiffness matrix, K — AM
diagonal matrix of i-fold eigenvalue, AL,

= diagonal matrix of test eigenvalues

of experimental model

h-fold eigenvalue

unit vector of an arbitrary direction

in n-dimensional parametric space
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Subscripts

t = R (right) or L (left)

P 80)/071,—p,
R = 920/97],—

Superscripts

T = transpose of matrix () (not Hermitian transpose)
+ = Moore-Penrose inverse of matrix ()
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Introduction

HE sensitivityandinversesensitivitymethodshave been shown

to be efficient and available in the fields of structural control,
model modification, and design optimization because of their abil-
ity to provide analytical representations that are well correlated to
experimental data and that preserve the physical significance of the
models. Many authors have been researchingthis area in the past 30
years. In particular, Nelson,' Dailey,? and Mills-Curran® presented
a series of algorithms for computing the eigensolutions sensitivity,
which provided guidance in the inverse dynamic design; Prells and
Friswell* discussed the problem of calculating partial derivatives of
repeatedroot eigensolutions;Pes€k’ first extended an inverse sensi-
tivity method to systems with repeated eigenvalues;and Song® gave
animprovedinversesensitivity method. However, most studieshave
been limited to symmetric systems.

As modern control devices, asymmetric vibration systems will
be encountered frequently in the context of gyroscopic and fol-
lower forces or calculating the aerodynamic derivatives of bridges.
Several authors have considered asymmetric systems in the past
two decades. Caughey and Ma’ discussed the complex modes and
solvability of asymmetric systems. Tang and Wang® and Wang®
considered the sensitivity calculation for nondefective systems for
the case of a single parameter. An organized course of the inverse
sensitivity method for multivariable asymmetric systems has not
been reported in the open literature. This paper deals with the case
of asymmetric multivariable nondefective systems and proposes a
new procedure of parametric correction based on the first-order
Taylorseriesexpansionof these systems. Becausea defectivesystem
doesnothave a complete eigenvectorsset, its sensitivity expressions
will be more complex,'® and more research should be carried out
for the inverse sensitivity analysis of defective systems.

For asymmetric systems, the eigenvectorsfrom the eigenequation
and the biorthonormality condition are uncertain for a nonzero con-
stant multiplier, and therefore, confusion exists between numerical
results and experimental data because of normalization conditions.
This paper will adopt the normalization conditions presented by
Tang and Wang® in terms of modes of analytical models compared
with the corresponding measured ones. Song® considered the dif-
ferentiability of the repeated root eigenpairs for multivariable sym-
metric systems and concluded that it is not differentiablein general.
The case for asymmetric systems is quite similar. The first section
of this paper discusses the uniqueness and differentiability of the
repeated root eigensolutions for multivariable asymmetric systems
and also finds their first directional derivatives.

Itis well known that parametric correctionbased on the first-order
Taylor series expansionis quite straightforwardfor simple eigenval-
ues. However, this complicates the construction of multiple eigen-
values due to the nondifferentiabilityof the repeatedroot eigenpairs.
The difficulty results because the Jacobian matrix (sensitivity ma-
trix) not only depends on design parameters p =p, but also relates
to parameterschange Ap =p — p,. Furthermore, the dependence on
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Ap for the homogeneous solution part in the directional derivatives
of repeated root eigenvectors is highly nonlinear. The relationship
is so complex that the Jacobian matrix cannot be written out eas-
ily. Song® gave a calculable generalized Jacobian matrix, which is
formed by using projection matrices,!" to reject the homogeneous
solution part that is the linear combination of the derivable eigen-
vectors through biorthogonal decomposition. The second section
of this paper will generalize Song’s® result to asymmetric systems.
The method includes previously developed methods for symmetric
systems as special cases.

In the third section, two numerical examples are given, for which
the availability and the efficiency of the presented method will be
discussed by using simulated data.

Uniqueness and Differentiability of Repeated
Eigenvalues and Corresponding Eigenvectors

Consider the following generalized eigenvalue problem:
K(p)®r(p) = M(p)®(p)Ap) )]
K(p)'®.(p) =M(p)" ©.(p)Ap) 2)
with the mass biorthonormalizationcondition
©.(p)" M(p)®r(p) =1y 3)

where stiffness matrix K(p) and mass matrix M(p) for the N-
degree-of-freedom discrete vibration system [K(p), M(p)] are
single-valuedlimitary functions and have continuous partial deriva-
tives of all orders with respect to multiple design parameters
p=(pi1, P2 ..., pn)T. K(p) and M(p) are real matrices, and M (p)
is positive definite.

Obviously, the right eigenvectors @ (p) and left eigenvector
@, (p) given by Egs. (1-3) are uncertain to the extent of a nonzero
constant multiplier. A new normalization condition, mentioned by
Tang and Wang® and Wang,” should be imposed to result in unique
eigenvectors, that is, every column g, (p), i =1,2,..., N, in the
right eigenvector matrix @, (p) is normalized according to mass
matrix M(p):

Pri(P) M(p)pg (p) =1 i=12,....,N) 4)
However, as pointed out by Murthy and Haftka,'? confusion exists
in previous literature regarding this point. For a non-self-adjoint
system, condition (4) may fail even if M(p) is real, for example, if
M ((p) is skew symmetric. At that time, an alternative condition may
be adopted.® Because M(p) is positive definite in this text, condition
(4) will be mostly valid.

Therefore, the biorthonormalizationcondition (3) and additional
condition (4) will uniquely determine the right and lefteigenvectors.

Let the complete eigensolution set of Eqs. (1- 4) be partitioned
by

‘I’t(P) = {Zt(P)a Yt(P)}
Q(p) = diag[A(p), E(p)] ©6)

(t=R,L) ®)

Suppose that at p= p, one is given an arbitrary h-fold
(1 <h <N) repeated eigenvalue A(p)=AI, (here the case of
h>1 is emphasized) with corresponding eigenvector subsets
Z,(p)={zi1,22+---» 2}, t =R and L, normalized by conditions
(3) and (4). Obviously, eigenpairs A(p) and Z,(p),t = R and L, are
the solutions of the following generalized eigenvalue problem:

K(p)Zz(p) = M(p)Zr(p)A(p) )
K(p)'Z,(p) =M(p)"Z,(p)A(p) ®)
Z.(p)"M(p)Zr(p) =1, 9)

2ri (P) M(P)zi(p) = 1 (i=12...,n (10

and, furthermore, on the assumption that when p — p,
K(p) = K, M(p) - M

Q(P)%Q:(A7 g), D,(p) > @, =1{2,,Y,}

hereafter (po) will be omitted for variables evaluated at p =p,,
similarly,

Z,.p)—>Z,. A (p)— A, (t=R,L)

whereF ., F .., etc.,are thefirst,second,etc.,directionalderivatives
of matrix F evaluated at p =p, along the direction

(P1, P2y D)
T
Zizl(Pi)z

It was concludedpreviously® that both the right and left eigenvec-
tors Xz and X; corresponding to repeated eigenvalues are degen-
erate. Mathematically, for any & x h matrices 'y and I'; satisfying
FZ 'r=1I,, XgT'r and X, ", will also be the right and left eigen-
vector subsets. If the derivatives of the repeated eigenvalues are all
distinct, under proper normalization conditions, only specific:

ZR :XRFR (lla)
ZL :XLFL (llb)

corresponding to unique ' and I';, are derivable with respectto a
certain direction 7, which means the directional derivatives along
direction 7 exist.

By differentiating Eq. (7) along direction 7, lettingp — p,, and
denoting

Ke =K. — M. (12a)
Koo =Ko =AM o, (12b)

we obtain
KeZp =MZrA —(K = AM)Zp - (13)

Left-multiplying Eq. (13) by Z7 and using Z? (K — AM) =0 and
condition (9), we find

A, =Z" Kk Zy (14)

When condition (9), transformations (11a) and (11b), and Eq. (14)
are noted and A =XZH1XR is introduced, transform matrices I'
and I';, can be obtained from the following standard eigenvalue
problem of matrix A:

AT =TRA . (15)
AT, =T.A, (16)
'ty =1, (17)

Therefore, we can uniquely determine the derivable eigenvectors
Zy and Z, after getting a set of arbitrary eigenvectors X and X
correspondingto repeated eigenvaluesby imposing transformations
(11a) and (11b). In this way, the derivatives of repeated eigenvalues
can be evaluated by Eq. (14).

Let Kk = K — AM, and note Egs. (12a) and (12b); k, k., and K.
are not directly derivatives of each other. Then Eq. (13) can be
rewritten as

KZp.=MZgA  — K Zg < F, (18)
Becausethe kernelof k is spanned by the columnsof Z, the solution
set of Eq. (18) is given by

Zr:=Vr:+ZrDyg (19)

where Dy is an i x h coefficient matrix to be determinedand Z; D
represents the homogeneous solution part, which is the linear com-
bination of the derivable eigenvectors. The particular solution part
V.. in Eq. (18) can be rewritten as

VR.I = K/“)Fl (20)

where k! € (G| KGk =k, Yk € CY * "V} and G is referred to as the
generalized 1-inverse set of matrix . Notice that the generalized
l-inverses x!!! are not unique, nor is the preceding particular solu-
tion V .. In virtue of the right and left projection matrices!!
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def

P &1y —MXp X! =1y — MZpZ! 1)
PLEIy M X, X! =1, —M"Z, 7} (22)

itis easy to verify that®°
PP, € Gy, (23)

is an invariant generalized 1-inverse of «. Hence, the special partic-
ular solution given by

Cr . = GgF, (24)

is uniquely determined and falls into the complement space of the
kernel of k. Then noticing definitions (18) and (21-23), we have

Cr. =P k"Prk,Zy (25)
Furthermore,
Zp.=Cr.+ZDy (26)

Next the coefficient matrix Dy in the homogeneous solution part
should be found. By differentiating Eq. (13) along direction 7 and
using Eq. (26), we get

def

DrA,— A Dr+05A,, =Z HgZy + Lz A, = Uz (27)
where

Hy = 0.5k, — k.G K, (28)

Lp = —~Z;M.Zg (29)

This provides a neat separation of matrices Dg and A ., and allows
solving for both the off-diagonal elements of matrix Dy and the
second-orderderivatives of the repeated eigenvalues A ¢, although
only Dy is of interest. If A , =diag(A',, A )J’) (here A/
are all distinct, i =1, 2, . h) A L. —dlag(klr 2 ALY,
Up=1u ’] and Dy = [d ] 1t is easily seen that

(i=1,2,....h) (30)

(#ji,j=12,....,0) @31

i — ii
)‘.rr - 2uR

d =uy [ (M =)
The diagonalelements of matrix Dy will be solved by using the nor-
malization condition (10). Differentiating Eq. (10) along direction
T and letting dg; and cg,; , denote ith column vectors of matrices
Dy and Cy , results in

def

— 2 (M +M")eg; . = 20,
(32)

22 M AMN)NZedg = —25 M 2,

Recalling Eq. (31), we can solve the diagonal elements of matrix
Dy
dz = 0ii —

1 < )
3 D M+ MDzydy  (=1.2,....h)
=1

J#i

(33)

To obtain Z, ; we only need to replace the subscript R with L
andletMT, K7 representM, K in the precedingalgorithm. It is then
easy to obtain

Z,.=C,.+Z,D, (34)

where C; , = —Pgn‘”TPLanZL.
Differentiating Eq. (9) along direction 7 and noting expressions
(26) and (34) yields

D! = Dy + 7! (k.G M + MG, — M )Zy (35)

This completes the solution for Z, ; (t =R, L) and A . There-
after, evaluating
N ) L

T=¢=(0,..., i=1,2,...,n

G

which is the ith natural base vector of the n-dimensional parametric
space in Egs. (11a), (11b), (14), and (26), will lead to the partial
derivatives of the repeated eigenvalue and the correspondingeigen-
vectors with respect to p;:

Z(e;)=X,-T(e;,X) (t=R,L) (i=12,...,n)
(36)

A, = Zi(e)" - Ke - Zr(e) (37)
ZR.E; = _PZH“)PR * Ky, ~Zr(e;) +Zg(e;)-Dr(e;) (38)

Let matrix ®,(7, e;), t = R and L, be the directional transform ma-
trices of eigenvectors evaluated at p =p, from direction T to a
natural base e;, that is,

Zr(e;)) =Zp(T) - Ok(T,€;) (39)
Zi(e)) =Z.(T) OL(T,e;) (40)

the following restrictions should be imposed by Egs. (36), (39) and
(40):

Or(T,€;) =T (T,X)" - Tr(e;, X) (41
O (T,e) = FR(T»X)T -T'r(e;, X) (42)
OL(t.e)" - Or(r,e) =1, (43)

By virtue of the characteristic of stiffness matrix K and mass
matrix M, which have continuous partial derivatives of all orders
with respect to multiple design parameters p = (p1, P2, ..., Pu)’,
matrix K = K — AM should be differentiableat p = p,. Accordingly,
the directional derivative can represented by

= Z Ky; COS Uy, (44)

i=1
where o, is the angle between the vector T and the natural base e;,
i=1,2,...,n. Substituting Eq. (14) with expressions (37), (39),
(40), and (44) yields

Ar=Z(T) - Ke - Zr(T)

= Or(r.e) Zi(e)" ke Zrle) OL(T €)'

i=1

- COS Oy,

=) Or(mie) A Ou(r,e) -cosa, (45)
i=1
It is well known that if an arbitrary multivariable function
F(p,, p2,..., p,)isdifferentiableatp =p,, notonly the directional
derivative F ; exists but also it can be represented by

_ oF (p) . F(P) F(PO)
T 8_7- - Al'}~>0 ZFL’ COS Qre,

P =po along i=1
(46)

At = |Ap| = /Z(Api)z (47)
i=1

However, in general ©, (7, e;) 5 I,, VT € R", in expression (45) re-
sults in the repeated eigenvalue A (p) = AI,, not being differentiable
atp = p,. Similarly, in the case of the eigenvectorsZ, substituting
Eq. (26) with expression (44), we get

where

Zp.=—Y PPy K, Zp(e) Ou(T.e) cosar,

i=1

+Zr(T) - Dr(T)

=) Cre Ou(T.e)" coSt, +Zp(T) Di(r)  (48)
i=1

if and only if

Dgi(1) = Z Or(T,e;) - Dg(e;) - ®L(T»ei)T + COS Uy, (49)

i=1
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we have

n
§ : T
Zp. = Cre - OL(T,€) cosay,

i=1

+ Y Zr(e) Drle) - Or(T. €)' cosa,

i=1

n
= ZZR.E,. -OL(1, )" cosay, (50)
i=1
Even if it possesses condition (49), the eigenvectors Z associated
with the repeated eigenvalue are also not differentiable at p =p
due to O, (1,e;)x1I,,, VT € R", to say nothing of condition (49)
not holding in general. It is the same as the left eigenvectorsZ .
Therefore, we can conclude that repeated eigenvalues and the
corresponding eigenvectors of asymmetric multivariable systems
are not differentiable.

Inverse Sensitivity Method

The aim of the inverse sensitivity method for parametric correc-
tion is to find the unknown change Ap of the physical parameters
that is the difference between the experimental model and the an-
alytical one by using the measured eigenquantities and the corre-
spondinganalyticalrepresentations.One takesinto accountonly the
first-order terms of the Taylor expansion in most references.

Suppose that A =diag(i, Ay, ..., Ay) and Z={Z,, 25, ..., Zn}
are the first m orders test eigenvalues of the experimental model and
the corresponding measured eigenvectors, respectively. Our task is
to solve the physical parameters p =po + Ap in the experimental
model. Here we have A(p)=diag[x,(p), A2(p), ..., A, (p)] and
Zr(p) ={zr1(p), 2r2(P), ..., Zrm (p)} showing the first m-orders
eigensolutions of the analytical model. The difference between
(A, Z) and (A, Zy) exists (hereafterp, will be omitted for variables
evaluated at p =p, as before) in general. We can regard (A, Z) as
the value of [A(p), Zr(p)] evaluated at p =p. Hence, in terms of
the first-order Taylor expansion of the eigenpairs along direction 7
atp =p,, we have

A—A=A, At (51)
Z—Zr=2Zr. At (52)

Denoting Aw =[(A; = A1), (o = A2), .. oy — A)s (21 — 2r1)7
(Zo—z&)"s oo (G — 2za)"]" and Ap=(Ap1, Aps, ..., Ap,)T,
we introduce the following sensitivity equation:

Aw =Lyn1yxn - AP (53)

In the case of simple eigenvalues, because the eigenpairs are dif-
ferentiable and noting Eq. (46), Egs. (51) and (52) can be expressed
as

A—A=A, AT = XH:A_L,I. COSUy, - AT = XH:A_L,I.-Api
i=1 i=1

(54)

Z- Zrp =2z, At = ZZR.E; COSUy, - AT = ZZR.E; - Ap;
i=1 i=1

(55)

Hence, the operator L in Eq. (53) is easily obtained, namely, the
Jacobian matrix.

However, difficulty arises when repeated eigenvalues occur in
the analytical model due to the nondifferentiability of the repeated
root eigenpairs. Here the case of an arbitrary h-fold (1 <h <N)
eigenvalue A (p) = Al, with all distinct derivatives is considered.
Recalling expression (45) and substituting it into Eq. (51), we find

A—A= Z@R(T,e,‘) ‘A O (T,e) cosay,, - AT

i=1

= Y Ok(r.e) A Ou(r,e)”  Ap (56)

i=1

Denoting AL =[(A; — 1), (k2 —A), ..., oy — V], if Or(T, €)=
[0/1 and O, (T, ;) =[6,1, expression (56) can be rewritten into a
matrix form

Ax =], - Ap (57)
where
hy hy -+ Ty
Ly Ty - by
J, = . . . . (58)
L/ 7% T

h

_ Js s Js
Lk = § 9R ')‘.ek'eL

s=1

(59)

Then we take the advantage of the projection operator P, which
has the following characteristic:

PiZy=0 (60)
PZCR.Z = Cr: (61)

Left-multiplying equation (52) by P7 in order to reject the homo-
geneous solution part and by using (60) and (61), we have

P'Z=Cy. AT = ZCR_L,, - OL(T, ) - cosa,, - AT

i=1

=) Cre-Ou(m,e)" - Ap, (62)
i=1
Rewriting expression (62) into a matrix form
Az=]. - Ap (63)
where
P’z vl Wl le"
B PZZ_Z szl szz cee vZR”
Az = , J.=1 . . ) (64)
PZZ_;, v}él vﬁl v}g’

vk =D era 6] (=12 hk=12...n
(65)

Synthetically,if AE = (A, AZ)T andJ, = (J;, J.)" isthe so-called
generalized Jacobian matrix, we have the sensitivity equation of the
repeated eigenvalues systems

AE =], - Ap (66)

then an unknown vector Ap is expressed by the inverse sensitivity
equation
-1
Ap=[JIJ.] -Jl - AE=J! AE (67)
Finally we should determine the /4 x h transform matrices I';,
t = R and L to get the directional transform matrices ®, (7, ¢;) and
the derivableeigenvectorsZ,. It can be assumed that the eigenvectors
from Zr = XgI'g very well approximate the eigenvectors from Z
because At is so small. Then I'; can be found by minimizing the
trace of the matrix (XzI'yx —Z)7 (XxI'x — Z) in the sense of least
squares’ and be expressed as

e = (X3xe)  (X32) (68)

By condition (17), ', can be determined accordingly.

Ilustrative Examples
Two numerical examples are given to demonstrate the availability

and efficiency of the presented method by using simulated data. All
results are obtained by using MATHEMATICA 3.0.

Example 1
Suppose that an eight-degree-of-freedm discrete vibration sys-
tem [K(p), M(p)] is given by
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[1+ps pi+p 0 0 -1

P2—p1 1+ py 0 0 -1

0 0 1 p1+p2 -1

0 0 P2 — D1 10 —1

Epm=\ 6 3 4 10
1 1 1 1 1+ p, — p

20 0 0 0 0

|3 7 4 5 11

where p = (p1, p2, P3, pa)T are the design parameters, and at
p=po=1(0,0,0,0)7, the original system has a set of the complete
eigenvalue

Q =diag(0.0 1.0 1.0 1.60289 5.0 8.32103—2.54373]

1 0 1

1 0 1

1 0 1

i 0 0 , M(p) =1y
3+p1+pa 0 10

10 0 10

0 5 204+ pi + p

13 P2— D1 20 _

and the transform matrices I', (e;, X) t = R, L, with respect to pa-
rameter p;. In virtue of definitions (21) and (22), the projection
matrices of the repeated eigenvalue are

8.32103+2.543731 32.755), I =+-1 Pr = PZ
with a twofold eigenvalue A, = A3 = A = 1.0, whose corresponding 0.0434783 0.73913 0217391 0 0 0 0 O]
biorthonormalizedright and left eigenvectors are, respectively, 0.0434783 0.73913 0217391 0 0 0 0 0
T_1.10342 —1.25619 ] 0.0434783 0.73913 0217391 0 0 O O O
0463194  0.443361 _ 0.00869565 —0.0121739 0.00347826 1 0 O O O
135418 125619 0.0782609  —0.109565 0.0313043 0 1 0 O O
v U 0 0 0 00100
X, = | 0019944 0.0206902 43913 —3.14783 —124348 0 0 0 1 0
0.179496  0.186212 00782609  —0.109565  0.0313043 0 0 0 0 1]
0 0
4.61961 5.34989 . . . .
and Gg,, the invariant generalized 1-inverse of k, can be calculated
[ 0.179496  0.186212 | by definition (23); accordingly,
™ 0.094518 1.36333 0.41172 —0.0434783 —0.391304 —-0.869565 O 0.565217 ]
0.094518 1.36333 0.41172 —0.0434783 —0.391304 —0.869565 O 0.565217
0.094518 1.36333 0.41172 —0.0434783 —0.391304 —0.869565 O 0.565217
—0.017966 —0.315717 —0.0924038 0.111304 0.281739 0.306087 0 —0.286957
Gre = —0.0616938 —0.981455 —0.291634 0.00173913 0.0356522  0.254783 0 —0.0826087
0.0217391 0.369565 0.108696 —0.5 —0.5 0 0.5
0.825009 —4.54414 —1.45478 0.208696  —0.721739 0.573913 0.25 0.0869565
—0.0399546 —0.61189 —0.182938 0.00173913  0.535652 0.754783 0 —0.582609
[ 3.98791 —4.26436 | Thereafter the special particular solutions Cg ,,, i =1, 2, 3,4, can
0 0.588391 be solved, respectively:
—3.98791 3.67597 Co =
0 0 R,ey —
X= 0 0
[ 0.200496 + 0.05524011 0.200496 — 0.05524011 ]
0 0 0.200496 4+ 0.05524011 0.200496 — 0.05524011
0 0 0.200496 + 0.05524011  0.200496 — 0.05524011
L 0 (U —0.221717 — 0.001575211  —0.221717 4 0.00157521/
and A; =0.0 as a simple eigenvalue, both the eigenvalue and the 0.162299 = 0.01487621 0.162299+ 0.0148762/
corresponding eigenvectorsy,, t = R and L are differentiable. Here 0.376137 + 0.04945341 0.376137 — 0.04945341
we use the first three eigenvalues including a simple one and a 1.01071 + 0.1122661 1.01071 — 0.112266/
twofold one to correct the parameters. Solving the eigenproblems —0.389008 — 0.0610037/  —0.389008 + 0.06100371
(15-17) evaluatedat T =¢;,i =1, 2, 3, 4, respectively, we have the - -
partial derivatives of the repeated eigenvalue _ _
—0.229769 0.251493
_ 0.346087 + 0.3010961 0 —0.229769 0.251493
o 0 0.346087 — 0.301096/ —0.229769 0.251493
B N RN B [
2710 0.213913]° e 0 0 ) )
—0.384918  0.36754
A = 0.26087 0 —1.1223 0.705339
“ 0 0 0.404839  —0.402459
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[ —0.0201084 0 © 0.106779 0
~0.0201084 0 0.106779 0
~0.0201084 0 0.106779 0
0.0038222 0 ~0.0247277 0

CR.L‘} = ) CR.L‘4 = _
0.0131251 0 0.0768699 0

~0.00462492 0 0.0289453 0
~0.175518 0 —0.355908 0

| 0.00850021 0| | —0.0479247 0|

The other mechanical system [K(p), M(p)] to be considered,
called the target system, is distinguished from the original analytical
system by changing the physical parameters,p = p, + Ap. The aim
is to evaluate the unknown vector Ap = (Ap,, Ap,, Aps, Apy)T by
means of the earlier described procedure. With the assumption that,
for case 1.1,p = (—0.2,0.25, 0.3, —0.15)7, the first three eigenval-
ues and the corresponding biorthonormalized eigenvectors of the
target system are

—0.368132 0 0
A= 0 0.826429 0
0 0 1.12255
[—0.126009  0.274529  —0.281832 |
—0.131496 0231974  0.251351
~0.163325 —0.510083 —0.721273
7| 0130522 —0.0440098  0.0858417
—0.154866  0.0703723  —0.0549059
—0.286929  0.138121  —0.103562
—0.833662 —0.753838  0.536005
| 0.348987  —0.128061  0.169556 |

When Eq. (68) and expressions (11a) and (11b) are used, the trans-
form matrices I'; (7, X), t = R and L, for the repeated eigenvalue
and the derivable biorthonormalized eigenvectors with respect to
the first three eigenvalues of the original system can be obtained:

2.71284  2.30883
Pr(m. X) = 5 49502 —1.88596

[—0.191228  0.14082  —0.178473 |
—0.191228  0.150378  0.233272
—0.191228 —0.539449 —0.75743

0.150509  0.00248251 0.00702631
DQr =[yr Zrl=
—0.135373 0.0223426 0.0632368
—0.328093 0 0
—0.77088 —0.815811 0.57618
| 0.383948  0.0223426  0.0632368 |

Then the directional transform matrices ®, (7, e;),t = R and L, can
be determined by Eqgs. (41) and (42).

Thus, by the use of Egs. (58-67), AE and the generalizedJacobian
matrix J, have been formed. Then the correction of the parameters
Ap is found to be

Ap = (—0.230659, 0.274681, 0.268452, —0.134342)"
Solving the generalized eigenproblems (1) and (2) at
p=p" =po+Ap
= (—0.230659, 0.274681, 0.268452, —0.134342)"

we can find that the eigenvalues are all distinct. Then another cor-
rection for parameters p evaluated at p =p* by Eqs. (54) and (55)
results in a set of new parameters,

P =p" + Ap* = (—0.19862, 0.254227,0.30175, —0.146768)"

which is very close to the exactdata p = (—0.2, 0.25,0.3, —0.15)7.
Table 1 liststhe eigenvaluesA (p) evaluatedat p =p,p =p™*,p =p*,
and p = p,, respectively. The correlation between the eigenmodes
Zy(p) and the exact data Z were evaluated by the modal assur-
ance criterion (MAC).!® Table 2 lists the MAC(p) evaluated at

'3 P ( target point )

s = P«*;

P*P

—2.92739 3.87277 P, (original point )
LX) = ol i
—3.58376  4.21087 Fig.1 Relation positions among Py, P*, P**, and P.
Table1 Eigenvalue comparison for case 1.1%

Eigenvalue A(p) A(p™™) A(p™) A(po)

Ag 33.075 33.0778 33.112 32.755

A7 8.14943+42.482751 8.146964-2.482011 8.127044-2.473711 8.321034-2.543731

A6 8.14943—-2.482751 8.14696—2.482011 8.12704—-2.473711 8.32103—-2.543731

As 5.46523 5.4861 5.52248 5.0

A4 1.73009 1.73 1.7756 1.60289

A3 1.12255 1.1246 1.0841 1.0

Ao 0.826429 0.824903 0.787681 1.0

Al —0.368132 —0.369789 —0.401809 0.0

ACase 1: o*=0.11314 rad, §* =0.113906 - ”P()P”, approaches target point about 88.6%; and o™ =0.0117962 rad,
8™ =10.0124423- || Py P ||, approaches target point about 98.8%.

Table2 MAC(p) comparison for case 1.1

Eigenvector MAC(p) MAC(p™™*) MAC(p™*) MAC(po)
ZR8 1 1.0 0.999999 0.999967
ZR7 1 1.0 1.00005+0.00003570321 1.00606+0.001895731
ZR6 1 1.0 1.00005—0.00003570321 1.00606—0.001895731
ZRS 1 1.0 0.999942 0.996363
ZR4 1 0.99999 0.995626 0.970979
ZR3 1 0.999986 0.947671 0.926015
ZR2 1 0.999987 0.994812 0.944658
ZR1 1 0.999997 0.999801 0.98384
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Table 3 Eigenvalue comparison for case 1.2%

Eigenvalue A(P) A(p™) A(p") A(po)

Ag 32.8779 32.8834 32.9261 32.755

A7 8.2277342.525121  8.22416+2.524121  8.2075342.515941  8.32103+2.543731
A6 8.22773—2.525121  8.22416-2.524121 = 8.20753—2.515941  8.32103—2.543731
As 5.14123 5.14838 5.21118 5.0

Ag 1.89656 1.91027 1.88042 1.60289

A3 1.03764 1.03836 1.03474 1.0

A2 0.662534 0.654471 0.559484 1.0

Al —0.0213434 —0.0239516 —0.0564359 0.0

2Case 1.2: * =0.2237961ad, §* =0.222208 - || Py P, approaches target point about 77.8%; and «** =0.0171757 rad,
8™ =10.0315913 || Py P ||, approaches target point about 96.8%.

Table4 MAC(p) comparison for case 1.2

Eigenvector MAC(p) MAC(p**) MAC(p™*) MAC(po)
ZRS 1 1.0 0.999999 0.999998
ZR7 1 1.0 1.00009+0.01 0.999805—0.000369691
ZR6 1 1.0 1.00009—0.01 0.999805+0.000369691
ZRS 1 0.999999 0.99991 0.999633
ZR4 1 0.999963 0.99862 0.939906
ZR3 1 0.999878 0.996372 0.99289
ZR2 1 0.999806 0.977399 0.964945
ZR1 1 0.999991 0.999439 0.985199

Table 5 Mode correction results for case 2.1

Table 6 Mode correction results for case 2.2

Parameter Ap=p —po=(—0.05,0.02)7, || Ap|| = 0.0538516 Parameter Ap=p—po=(0.1,-0.157, | Ap|| =0.180278
Eigenvalue A(p) A(p™) A(p™) A(po) Eigenvalue A(p) A(p™) A(p™) A(po)
A 2.49375 2.49374 2.47686 3 A 2.81119 2.81232 2.84774 3
A2 3.02837 3.02835 3.03024 3 A2 3.84906 3.84746 3.76837 3
A3 5.66629 5.66627 5.6538 6 A3 6.52069 6.51941 6.46268 6
Eigenvector ~ MAC(p) MAC(p**) MAC(p*) MAC(po) Eigenvector MAC(p) MAC(p**) MAC(p*) MAC(po)
ZR1 1 1 0.999978 0.998652 ZR1 1 1 0.999911 0.997895
ZR2 1 1 1 0.999967 ZR2 1 1 0.999741 0.987997
ZR3 1 1 0.999983 0.985061 ZR3 1 1 0.999069 0.932734
o ~ 0 0.000257543 0.0147019 1 o ~ 0 0.0025985 0.0802445 1
8/I1Po P 0 0.000291533 0.0305396 1 8/ PoPll 0 0.00686904 0.219529 1
_ - N . . Table 7 Mode correction results for case 2.3
p=p, p=p**, p=p* and p = p,, respectively. Figure 1 shows
the relative position among the original point P, first correction Parameter Ap=p —po=(—0.08, —0.3)7, || Ap|| = 0.310483
point P*, second correct}on point P** and the'targetpomt P Note Eigenvalue ) A(p*) A(p*) A(po)
that the closer o and § is to zero, the better is the correction for Al 2.18586 2.18565 21148
parameters. A2 3.34037 3.34106 3.35725 3
Letting another arbitrary set of parameters p = (0.01, 0.15, A3 5.49529 5.49539 5.44475 6
—0.2,0.25)7 (case 1.2), we have the results shown in Tables 3 Eigenvector ~ MAC(j) MAC(p*) MAC(p*) MAC(po)
and 4. 2RI 1 1 0.999919 0.984441
ZR2 1 1 0.9999 0.967366
E le2 ZR3 1 1 0.999707 0.962966
X;‘mll’l,e oot | s M @ 0 0.000856806  0.0184984 1
n this example, the structural mass matrices M (p) are not con- 5/ PP 0 0.00358589  0.0213743 1
stant. Suppose that
pP+1 10 3
Mp)=|q¢’—1 (+p’+A+p’+0+p) 4
0 4 2
1+pP+0+p*+d+p) 38 17
K(p) = 1+q)° Q+pP+22+p*+Q2+p+2 20
4 16 (I1+pP+2
where p=(p,q)T are the design parameters, and at p=py= —0.333333 0.0
(1, DT, the original system has the following eigenvalues: X = | 0390451 —0.619834
Q=diag(3, 3, 6), with a twofold eigenvalues A; =i, =1 =3, L ) ’
—0.114235 1.23967

whose correspondingbiorthonormalizedright and left eigenvectors
are, respectively,

—1.0 —-0.361039
Xz =1 00 -0.268889
1.0 0.629928

Cases 2.1-2.3 of three arbitrary sets of parameters p are cor-
rected. The results are shown in Tables 5-7. Obviously, after two
corrections, the original point is very close to the target point.
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Conclusions

An inverse sensitivity method for parametric correction is de-
veloped for asymmetric multivariable nondefective systems. It is
proved that the repeated root eigenpairs are not differentiable for
design parameters. This shows that the Jacobian matrix depends on
the parameterchange Ap in the sensitivityequationbased on the first
Taylor expansion. Therefore, the generalized Jacobian matrix has
been presented so that the inverse sensitivity method for parametric
correction can be carried out. The procedure has been shown for
two numerical asymmetric examples by using simulated measured
(exact) data, which can exclude measurementerrors. The calculated
results for two cases indicate that the original point changes con-
verged very rapidly to the target point, which shows the applicability
and efficiency of the method. The next-levelderivativesof the eigen-
problem are necessary to determine the transform matrix I'; (e; , X),
i=1,2,...,n, with bothrepeated eigenvalues and repeated eigen-
value derivatives. Then the processes that follow are the same as the
described method.
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